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DISCRETE-CONTINUUM MODEL
OF SYMMETRIC SEPARATION OF A MATERIAL

V. V. Glagolev, A. A. Markin, and T. A. Mertsalova UDC 539.375

A problem of the beginning of motion of a finite-width cut in a linearly elastic plane under the action
of symmetric external loading is formulated. The material on the way of cut propagation forms a
layer (interaction layer). The stress—strain state of the material is postulated to be homogeneous
across this layer. A system of integral boundary equations is obtained for determining the stress—
strain state. Based on this system of equations, a discrete model of separation of the layer material
is constructed under the assumption of a constant stress—strain state in an element of the interaction
layer. The stress distribution in the pre-fracture zone is determined.
Key words: characteristic size, integral boundary equation, linear elasticity.

There are two basic approaches in modeling the formation of new material surfaces in fracture mechanics:
fracture is considered as the motion of a mathematical cut in a solid or as the motion of a physical cut at a certain
scale [1-5]. The model with the mathematical cut involves hypotheses of continuity for studying the neighborhood
of the singular point with the use of various criteria [6]. If a certain scale is introduced, fracture is modeled as a
discrete process [5, 7]. In this case, the solid is approximated by a set of structural elements interacting in accordance
with laws chosen for this scale level. One substantial drawback of this approach is significant computational costs.
Hence, it seems reasonable to develop approaches with the notions of mechanics of continuous media (fundamental
solutions) for regions not subjected to fracture and a discrete description of the region being destroyed.

In solving the problem of separation within the framework of the discrete-continuum (semi-discrete) approach
[7-10], let us consider the problem of the beginning of motion of a cut of width dy [8] in a linearly elastic plane in
accordance with the scheme corresponding to fracture of the tensile loading type (Fig. 1).

Let the separation trajectory correspond to straight-line motion of the cut in the direction that coincides with
the direction of the OX5 axis (see Fig. 1). The plane material bounded by the lines 21 = £d0/2 in the coordinates
of the initial state forms an interaction layer with a uniform distribution of the stress—strain state across the layer.
The quantity dy characterizes the granular structure of the material in the case of inelastic deformation.

In contrast to the problem formulation in [8], the present statement takes into account the stress ooo(x2)
caused by shear stresses o1 (z2) along the boundary with the half-plane, in addition to the stress o11(2z2) in the
layer.

We assume that the relation between the stresses and strains is described by expressions of the linear elasticity
theory for the case of two-dimensional deformation. By virtue of problem symmetry, we consider only the upper
half-plane (z; > dp/2) (Fig. 2) and replace the action of the layer on the half-plane by the load onto this plane:

q(xz) = —(611€1 + G21€2).

Here & = x9/d¢ is the dimensionless coordinate, 6;; = 0;;5 (i, = 1,2) are the dimensionless stresses, 3 =
2(1 — v?)/(nE) is the material parameter, E is the modulus of elasticity, and v is Poisson’s ratio.
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Fig. 1. Scheme of fracture.
Fig. 2. Distribution of loads on the half-plane.

Flamant’s relations [11] relate the external loads 11 and 12 to the boundary displacements by the dimen-
sionless expressions
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Uo(z) = /012( )In |?:§| dg. (2)
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Here @; = u;/8 (i = 1,2) are the dimensionless displacements, P = Pf3/8; is the dimensionless force per unit
thickness, and [ is the distance between the origin and a distant point L with zero displacement.

We describe the behavior of the interaction layer material within the framework of the discrete model and
present the material as a set of interacting dp-elements, which have a square planform. The main postulate of this
model is the statement of a homogeneous stress—strain state in each element. By virtue of the homogeneity of the
stress—strain state across the layer, the equilibrium condition implies that

0632 .
= —269]. 3
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The displacements of the layer boundaries are determined from the conditions
Uy (z) = enn(x)/2; (4)

x

Uo(z) = / g99(x) dx. (5)
1
The stresses are related to the strains by Hooke’s law as

enn = A6y — Béa; (6)
€22 = AGas — Béy, (7)
where A and B are the dimensionless constants: A = (1—v?)/(8E) = /2 and B = v(1+v)/(8E) = vr/(2(1—v)).

Substituting expressions (4) and (6) into Eq. (1), we obtain an equation with respect to 611 and &oa:
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Let us differentiate Eq. (2) with respect to z:

dip . 1
€22 = da /012(5) ¢ dg %)
0
Substituting Eq. (7) into the left side of Eq. (9), we obtain
/ 1
AGyy — Bon 2/5712(5)33_5615- (10)

0

Let us eliminate 622 from Eq. (8) by using Eq. (10). As a result, we obtain an equation with respect to 611 and &12:

l
(242 — B?)6q, = —21521111(9;:_“2) +2A/&11(5)1 |1— ¢l d§+B/012 _gdg. (11)
0

Thus, we have a system of integral equations (10) and (11) supplemented by dependence (3). We write the
resultant system of integrodifferential equations in the form

l
~ . 1 . +
011+/\1/011(€)1H|l_§|d§+)\ /0'12 x—ﬁdg:/\lpln(?—i—c?); (12)
0
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0
06 R
gf = —2012. (14)

Here \; = —2A/(2A2 — B?) and My = —B/(24% — B2).
As the stresses in each dp-element are constant, the generalized stresses in the ith element on the segment
i — 1 < x <7 are determined by the expressions

criil) = /6’11(33) dz, cri? = /6’12(33) dz, cré? = /&gg(x) dx.
it it it

Let us construct discrete expressions for integral operators in Egs. (12) and (13). We consider the following
operators:

Alz/lfru(f) |7__€|d§ / o = dg Z/alln dg
0
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Passing to discrete operators, we integrate the left and right sides of the considered system over the jth
segment (j —1 < o < j). As a result, the operators A; and A, acquire the form

Ao = a< /J/ln|a:—§|d§da:—2cr ]/1n|l—£|d§da:,

Jj—1li— j—1li—1

=n J ¢
TG i 1
ael =30 [ [ 1 aan
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We introduce the following notation:

JZ)—//1n|x—§|d§dx P j/jl/lx L CU“zj_/l_/iln(l—é)d&dw-

j—1li—

For 5 > i, we have

o) == =PI =)+ (1/2)G—i— 1P —i= 1)+ (1/2)( —i+ )G —i+1)-3/2

W) =2 —i)mG— )+ (G —i— DG —i— D+ (G —i+ 1) —i+1).

i
For j =i, we present the integral / / In |z — ¢|dédx, x € [j — 1;7] in the form
o151
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j—1 j-1 T
After integration, we obtain gp(ji) = —3/2. For @[J§j with 7 =i, we have @[J(ﬂ =0.

o (0)
For 5 < i, we have

o) = (=3P —j)— (/2 =+ 1M —j+1) = (1/2)G—j—1)’In(i—j—1)-1/2,

Y =20 —j)n(i—j)—(i—j—D)In(G—i—1) = (i—j+1D(i—j+1).
For all ¢+ and j, we have

CU) = —(n—i)ln(n—i)+(n—i+1)n(n—it1) -1,

J
. 1 ] —1
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As 019 = 0{2 on the segment [j — 1, j], Eq. (3) yields

S
o) o7 = 20l

Finally, with allowance for the notation used, the full discrete model of material separation by point forces
acquires the form

oD+ M A+ XAl [0)) = A PDO),

1 : (15)

AU;Q Ball AJ[ ] 0, Uéjz) - U§J2 = _2‘7§J2)-
The discrete model (15) contains an infinite number of linear equations (n — oo0) supplemented by the
boundary condition on the end face z = 0: Uég) = 0. A finite number of elements, however, can be sufficient for a

fairly accurate analysis of the pre-fracture region. Thus, the ratio K = crﬁ) / US) for the first element is K = 1.005
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Fig. 3. Distributions of stresses 11 (1) and 022 (2) on the first 21 elements for n = 1000 and a = 10:
the solid and dashed curves refer to v = 0.15 and 0.35, respectively.

for n = 50 and n = 100, K = 1.003 for n = 100 and n = 500, and K = 1.00004 for n = 500 and n = 800; for
n = 800 and n = 1000, the value of K remains practically unchanged.

Figure 3 shows the stress distributions for the first 21 elements for n = 1000 and a = 10. It is seen that
Poisson’s ratio exerts practically no effect on the distribution of the stresses o1; in the pre-fracture region, but
significantly affects the stress o9 and, correspondingly, the ratio of the maximum values of the stresses o117 to 029
in the interaction layer. In the numerical analysis [12] of extension of a plane with an elliptic cut and with the
minimum radius of curvature tending to zero on the continuation of the major half-axis, the ratio o11/092 is a
constant equal to 1/5. It follows from Fig. 3 that the stress 99 is commensurable with the stress 11 and can play
a significant role in the formation of a plastic zone preceding the beginning of material separation. Moreover, the
ratio 011 /099 in the discrete model considered depends substantially on Poisson’s ratio. Note that system (15) with
v = 0 degenerates into the model proposed in [3]. In a more general case with v # 0, however, this system allows
the distribution of the stress o925 in the material located on the continuation of the cut in the linearly elastic plane
to be taken into account.

This work was supported by the Russian Foundation for Basic Research (Grant Nos. 06-01-00047 and 07-
01-96402).

REFERENCES

1. L. Prandtl, “Ein Gedankenmodell fiir den Zerreibvorgand sproder Korper,” Z. Angew. Math. Mech., 13, 129—
133 (1933).

2. V. V. Novozhilov, “Necessary and sufficient criterion of brittle strength,” Prikl. Mat. Mekh., 33, No. 2, 212-222
(1969).

3. V. M. Entov and R. L. Salganik, “On Prandtl’s model of brittle fracture,” Izv. Akad. Nauk SSSR, Mekh. Tverd.
Tela, No. 6, 87-99 (1968).

4. V. M. Kornev, “Generalized sufficient strength criteria. Description of the pre-fracture zone,” J. Appl. Mech.
Tech. Phys., 43, No. 5, 763-769 (2002).

5. Yu. V. Petrov, “On ‘quantum’ nature of fracture of brittle media,” Dokl. Akad. Nauk SSSR, 321, No. 1, 6668
(1991).

6. L. P. Isupov and S. E. Mikhailov, “A comparative analysis of several nonlocal fracture criteria,” Arch. Appl.
Mech., 68, 597-612 (1998).

116



7. A. A. Markin and V. V. Glagolev, “Thermomechanical model of discrete separation of elastoplastic solids,” Izv.
Tul’sk. Gos. Univ., Ser. Mat. Mekh. Inform., 12, No. 2, 103-129 (2006).
8. V. V. Glagolev, K. A. Kuznetsov, and A. A. Markin, “Model of the process of separation of a deformable solid,”
Izv. Ross. Akad. Nauk, Mekh. Tverd. Tela, No. 6, 61-68 (2003).
9. V. V. Glagolev and A. A. Markin, “Model of steady separation of a material layer,” Izv. Ross. Akad. Nauk,
Mekh. Tverd. Tela, No. 5, 121-129 (2004).
10. V. V. Glagolev and A. A. Markin, “One method of determining relations between the critical values of charac-
teristics of steady separation of a material,” Probl. Prochn., No. 2, 47-58 (2006).
11. A. L. Lur’ye, Theory of Elasticity [in Russian|, Nauka, Moscow (1970).
12. J. Cook and J. E. Gordon, “A mechanism for the control of crack propagation in all-brittle system,” Proc. Roy.
Soc. London, Ser. A, 282, No. 1391, 508-520 (1964).

117




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 225
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


